Josephson currents are carried by sharp Andreev states within the superconducting energy gap. We theoretically study the electronic transport of a magnetically tunable nanoscale junction consisting of a quantum dot connected to two superconducting leads and coupled to the spin of a molecular magnet. The exchange interaction between the molecular magnet and the quantum dot modifies the Andreev states due to a spin-dependent renormalization of the quantum dot's energy level and the induction of spin-flips. A magnetic field applied to the central region of the quantum dot and the molecular magnet further tunes the Josephson current and starts a precession of the molecular magnet's spin. We use a non-equilibrium Green's function approach to evaluate the transport properties of the junction. Our calculations reveal that the energy level of the dot, the magnetic field and the exchange interaction between the molecular magnet and the electrons occupying the energy level of the quantum dot can trigger transitions from a 0 to a π state of the Josephson junction. The redistribution of the occupied states induced by the magnetic field strongly modifies the current-phase relation. The critical current exhibits a sharp increase as a function of either the energy level of the dot, the magnetic field or the exchange interaction.
I. Introduction
Molecular spintronics combines the two fields molecular electronics and spintronics. 1 In spintronics, the electron spin is used as the degree of freedom in which information is encoded.
2 Molecular electronics investigates the electrical and thermal properties of molecules and aims to build devices composed of single molecules or ensembles of molecules. In molecular spintronics, the spin of molecules is used to manipulate the spin and charge transport. In particular, molecular magnets are interesting as basic building blocks for electronic devices 1, 3, 4 and for quantum computing. 5, 6 These molecules have a permanent magnetisation due the their anisotropy barrier as well as long coherence times 7 that facilitate further quantum-mechanical phenomena such as interference 8, 9 and quantum tunnelling of the magnetisation. 3, 10, 11 Experimentally, the transport properties of different kinds of junctions containing magnetic molecules have been extensively studied in three-terminal devices.
12-18
Current measurements through molecular magnets allows to identify the magnetic states and directly observe the magnetic anisotropy and the orientation of the easy axis. 18 These magnetic states of the molecule have been proposed to enable quantum computing. 5 An alternative way to probe the properties of molecular magnets is to deposit the molecules on carbon nanotubes 19 or graphene layers. 20 The presence of the magnetic molecule modifies the transport through the junction and oppositely, the tunnelling electrons modify the magnetisation of the molecule and can reverse the magnetisation.
20
Other experiments used superconducting electrodes with the advantage that the heat losses in these devices disappear. The proximity-induced superconductivity and the accompanied Andreev reflections modify the transport properties through the molecule. 21, 22 In an Andreev reflection process, incoming electron-(hole-)like quasiparticles with energies lying within the superconducting gap are retroreflected as hole-(electron-)like quasiparticles at a normal-superconductor interface. In a junction consisting of two superconducting leads coupled over a nonsuperconducting region, the Andreev reflected electronand hole-like quasiparticles at the left and right interfaces form Andreev levels which carry the Josephson current. Josephson junctions offer the possibility for applications in superconducting electronics, as well as quantum information and computing. 23, 24 The Andreev levels of a Josephson junction can in principle be used as a two level qubit. 25, 26 In Ref. [27] , an Andreev level qubit with spin orbit coupling was discussed as building block to perform quantum computations using the spin degree of freedom in order to manipulate the Andreev states. The manipulation of the Josephson current by adding quasiparticles to the Andreev states and the resulting suppression of the Josephson current were measured in Ref. [28] . An alternative way to manipulate the Andreev states of a quantum point contact in the presence of a magnetic scatterer was studied in Ref. [29] . The presence of a molecular magnet in a Josephson junction offers a further possibility to tune the current and manipulate the Andreev states. These states are experimentally accessible and have been observed in Ref. [30] . By comparison of the energy of the Andreev states with the experimental data it is also possible to extract information about the parameters affecting the current in the constriction.
Besides the spectroscopy of the Andreev states, the measurement of the Josephson current reveals detailed information about the internal structure of the junction. Direct measurement of the current-phase relation in superconducting atomic contacts have been performed in Ref. [31] . The shape of the current-phase relation strongly depends on the details of the contact between the electrodes and is important for applications in super-conducting devices. The state of the system can change from a 0 to a π state in which the current changes sign. This transition to the π state was proposed in Ref. [32] as a result of tunnelling through magnetic impurities. Experimentally, this transition was measured in a junction consisting of two superconducting leads coupled over a quantum dot in the Couloumb blockade regime which was occupied with a odd number of electrons. 33 The singlet wave function of the Cooper pairs experiences a phase shift of π due to coherent cotunnelling processes, leading to the reversal of the supercurrent. The 0 to π transition has been studied in many other kinds of Josephson junctions, such as ferromagnetic heterostructures, 34, 35 and theoretically analysed in magnetic junctions associated with a molecular magnet in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] .
In this paper, we study the Josephson current through a quantum dot which is coupled to a molecular magnet. We focus on the limit of low temperature (T → 0) and on the regime of negligible Coulomb interaction. The magnetic moment of the molecular magnet is assumed to be large enough to allow for a classical treatment of the molecular magnet's magnetisation. Furthermore, we assume that the molecule has an isotropic magnetisation and may, for instance, be a fullerene molecule doped with a magnetic impurity. 21, 45 The spin of the magnetic molecule then interacts with the electrons occupying the quantum dot via the exchange interaction. In Refs. [36] and [37] , the Josephson current through an isotropic magnetic molecule was studied in the Kondo regime and in the regime of negligible Coulomb interaction, respectively. In comparison to the work in Ref. [36] , in this paper a magnetic field is applied to the central region consisting of the quantum dot and the molecular magnet, whose magnetisation then precesses with the Larmor frequency, ω L . The magnetic field and a gate voltage applied to the quantum dot introduce additional parameters for manipulating the Andreev states and tuning the current through the junction. We mainly focus on the dependence of the Josephson current on the energy level of the dot and the magnetic field. The manipulation of the Andreev states by the molecular magnet is studied and the parameter range enabling the junction to be in a 0 or π state can be determined by the critical current.
The outline of the paper is as follows. In Sec. II, we introduce the model Hamiltonian of the junction and describe the terms including the effect of the molecular magnet. The following Sec. III is concerned with the approach used to determine the transport properties of the junction. The results, starting with the density of states of the quantum dot and the Andreev states, are presented in Sec. IV. This section also includes a discussion about the current-phase relation and the critical current. We conclude with a summary of the results in Sec. V.
II. Model
The junction, which is depicted in Fig. 1 (a) , consists of two superconducting leads coupled to a quantum dot in the presence of a molecular magnet. A magnetic field applied along the z axis induces a Zeeman splitting of the quantum dot's energy level as well as a precession of the spin of the molecular magnet. The Hamiltonian of the junction is written as (1) where the index α corresponds to the left (L) or right (R) side of the junction. The left and right superconducting leads are described by the BCS Hamiltonian
The order parameter is given by ∆ α = |∆ α |e iϕα and for symmetry reasons we assume that ϕ R,L = ±ϕ/2. In general, the temperature and magnetic field dependence of the order parameter must be taken into account in a self-consistent way. Since we restrict our discussion to the limit T → 0, we neglect the temperature dependence and for simplicity we assume that the applied magnetic field does not fundamentally affect the superconducting leads. Quasiparticles in the leads with momentum k and spin σ are created and annihilated by the operators c † kσ and
Junction with two superconducting leads and a quantum dot coupled to the spin S of a molecular magnet. In the laboratory frame (panel (a)), the magnetic field forming an angle of ϑ with the spin, starts a precession of the spin and splits the energy level of the quantum dot into E 0↑ and E 0↓ . In the frame of the rotating spin (panel (b)), the Fermi energies of the spin-up (spin-down) electrons and the quasiparticle states in the leads are shifted by −(+)ωL/2. The transformation cancels the Zeeman splitting of the quantum-dot energy level induced by the magnetic field. c kσ . The Hamiltonian describing the tunnelling between the dot and the superconducting leads is written as 
, with the magnetic field B = (0, 0, B z ) and the magnetic moment of the molecular magnet µ M (t). The magnetic moment is related to the spin of the molecular magnet via µ M (t) = −γS(t) with the gyromagnetic ratio γ = g M e/(2m). The Landé factor of the molecular magnet is denoted by g M and has in principle to be determined by comparison with experiments. In the following, we assume that the Landé factor of the molecular magnet equals to that of free electrons and g M = 2.
46 Due to the magnetic field, the magnetisation of the molecular magnet precesses with the Larmor frequency. We assume that the motion of the spin is undamped which can be achieved by dc and rf fields.
47,48 The equation of motion is then given by
with the magnitude of the spin |S| = S and the Larmor frequency ω L = γB z . The exchange interaction between the molecular magnet and the quantum dot is described by
with the coupling V s between the spin and the quantum dot and the Pauli matrices σ = (σ x , σ y , σ z ). The term can be transformed into
The first term induces a spin-dependent shift of the energy levels of the dot while the second and third terms account for the spin flip of the electrons occupying the dot. Since the magnetic field enters in the Hamiltonian of the dot and the exchange interaction, we can rewrite the Hamiltonian of the dot in terms of the Larmor frequency of the molecular magnet as
III. Approach
The transport properties of the system are described by a nonequilibrium Green's function approach. [49] [50] [51] In order to simplify the evaluation of the Green's functions, we perform a unitary transformation to the rotating frame of the molecular magnet's spin, since in this frame the Hamiltonian is time independent. The state vector transforms according to |Ψ = U † |Ψ and the Hamiltonian in the rotating frame can be written as
with the unitary transformation operator
(2) In the rotating frame, the Hamilton operator (1) 
The transformation results in a spin-dependent shift of the quasiparticles' energies in the leads and the quantum dot. The Hamiltonian of the leads reduces
Due to the spin-dependent energy shift, the Zeeman energy in the Hamiltonian of the dot is cancelled by the transformation such that the Hamiltonian of the dot is given bȳ
The spin is fixed in the rotating frame and the exchange Hamiltonian is written as
The remaining terms of the Hamiltonian (1) are not affected by the transformation (2). Fig. 1 (b) depicts the system in the frame of the rotating spin. The splitting of the spin-up and spin-down energy levels of the quantum dot appears because of the exchange interaction and the energy shift of the spin-up (spin-down) quasiparticles is given by +(−)v s cos(ϑ).
In order to evaluate the Green's functions of the system, we artificially divide the structure into three subsystems, which are the left lead (L), the right lead (R) and the quantum dot (D). 52 The spin dependence and the superconducting state are taken into account by writing the Green's functions in Nambu-spin space. Since the system is out of equilibrium, we additionally write the Green's functions in Keldysh space. In Keldysh-Nambuspin space, the Green's functions have the structurȇ
The symbols˘andˆdenote a matrix in Keldysh-Nambuspin and Nambu-spin space, respectively. The labels R, A and K indicate the retarded, advanced and Keldysh element of the Green's functionG ββ (t, t ). The indices β and β refer to operators in one of the three subsystems, e.g. the retarded Green's functionĜ
} , where we have introduced the operators of the quantum dot and the leads in Nambu-spin space as
T with the index α referring to the momentum k α in the left or right lead. The elements of the matrix in (3) are related by
Taking into account all k states of the leads, we define the matrices G ββ and V ββ as (G ββ ) ij =Ĝ βi,β j and (V ββ ) ij =V βi,β j with the diagonal matriceŝ
The indices i and j indicate all k states in the leads. The matrices (3) of all subsystems are then combined in an enlarged Hilbert space into one matrix defined byG. The full and the unperturbed Green's function are written as
The coupling of the quantum dot to the leads and to the molecular magnet is given bỹ
, is treated as a perturbation. The elements containing the coupling between the quantum dot and the leads are diagonal in Keldysh space and are in Nambu-space given byV α,d .
Fourier transforming the Dyson equation to energy space, we obtainG
and can calculate the retarded and advanced Green's functions of the dot aŝ
where the self-energy is defined asΣ =V DLĝLLVLD + V DRĝRRVRD =Σ L +Σ R . These self-energies are obtained by summation over all quasiparticle states in the left and right leads, respectively. This summation can be replaced by the integral
with the normal density of states at the Fermi energy, N 0 . The integration over the quasiparticle energies in the superconductor leads to the quasiclassical Green's function denoted as
together with the normalisation condition ĝ
The retarded and advanced self-energies are approximated byΣ
and the energy E R/A is defined as E R/A = E ± iη with η → 0. In the rotating frame, the self-energies are given by (setting ω = ω L /2)
with the tunnelling rates defined as Γ α = πN 0 V The average charge current operator in the Nambuspin space from the left lead to the quantum dot is obtained by using the Heisenberg equation of motion
with the Hamilton operatorĤ in the rotating frame, the
By using the Dyson equation (4) in the enlarged Hilbert space, we calculate the elements G < DL and G < LD with the help of the relation
The Josephson current then simplifies to
The Green's functionĜ < DD is obtained from the Keldysh equation byĜ
Due to the transformation to the rotating frame, the effective Fermi energy in Nambu-spin space are shifted andF is given bŷ
with the Fermi function f (E) = 1/(1 + exp(E/k B T )).
IV. Results
The charge transport properties of the junction can now be investigated. In principle, the current is given by two contributions. The first is the current carried by Andreev states whose energies lie within the superconducting gap. The second contribution is carried by continuum states outside the superconducting gap.
A. Density of states of the quantum dot Figure 2 shows the spin-resolved density of states of the quantum dot at ϕ = π/2, E 0 = 0 and a symmetric coupling to the leads with Γ = Γ L = Γ R = 0.1∆. In panel (a), we consider a static magnetisation of the molecular magnet in the z direction (ω L = 0, ϑ = 0). The exchange interaction between the molecular magnet and the quantum dot lifts the spin degeneracy and shifts the energy level of the quantum dot in the rotating frame by ±v s for spin-up and spin-down electrons, respectively. Therefore, the spin-up energy level, which is broadened by Γ, is closer to the upper superconducting gap edge increasing the density of the spin-up continuum states for E > ∆ whereas the density of the spin-down continuum states is decreased. The exchange interaction also lifts the spin degeneracy of the Andreev states and shifts the states E I and E II (E III and E IV ) of the spin-up (spindown) quasiparticles to higher (lower) energies. For the parameters in panel (a), the exchange coupling pushes both spin-up (spin-down) states above (below) E = 0.
In panel (b), a magnetic field is applied in addition to the exchange coupling of the molecular magnet and the quantum dot. The magnetic field shifts the continuum states by −(+)ω L /2 for spin-up (spin-down) electrons due to the transformation in the rotating frame and also slightly pushes the Andreev states towards |E| → 0 compared to panel (a). If the magnetisation points in an arbitrary direction (ϑ = 0), the electrons can undergo spin flips into sidebands separated by the energyhω L according to the Hamiltonian (1). In the frame of the rotating spin, the transformation compensates the exchange of energy and the electrons are scattered into states at the same energy. In panel (c), ϑ = π/4 and the Andreev states as well as the continuum states can be occupied with spin-up and spin-down electrons respectively. In panel (d), ϑ = π/2, the magnetisation is precessing in the xy plane and the density of the scattered states increases.
The complete parameter dependence of the Andreev states in the central region are obtained by the poles of the Green's function in Eq. (5) which are given by
Using the notationω = ω L /2, the elements are
The pole equation (13) reduces to that of Ref. [56] , if the quantum dot does not interact with the molecular magnet and no magnetic field is applied (v s =ω = 0). In this case A + is equal to A − and B = 0. If no magnetic field is applied, the ϑ-dependence of the Andreev states vanishes since no spin-quantisation axis is preferred. In this limit, the equation of the Andreev states agrees with the result in Ref. [36] . If ϑ = π/2, the spin precesses in the xy plane and the equation of the Andreev states is symmetric with respect to ω L → −ω L . Additionally, the Andreev states are symmetric under the transformation E 0 → −E 0 .
In the limit E ∆, the equation of the Andreev states can be explicitly solved with the result
and with v = |∆| 2 −ω 2 / |∆| 2 −ω 2 + 2Γ . In general, however, the Andreev states must be calculated numerically from Eq. (13) and are shown in Fig. 3 . In panel (a), the spin degeneracy is lifted due to the exchange interaction between the quantum dot and the molecular magnet. The spin-up (spin-down) electrons are shifted to higher (lower) energies. Since the Andreev states lie well inside the energy gap, we can use Eqs. (14) and (15) to find expressions for the splitting of the Andreev states. The displacement of the Andreev states in panel (a) due to the exchange interaction is given by ±v s /(∆ + 2Γ). The exchange interaction shifts the Andreev states across the Fermi energy, which from equation (12) is located at E = 0 at T = 0. Therefore, the current is expected to be strongly modified in panel (a) if the coupling v s is increased. An applied magnetic field counteracts the shift of the Andreev states induced by the exchange interaction, v s . The combined shift of the Andreev states due to v s and ω L is given by ±(1/v)(v s − Γω/( √ ∆ 2 −ω 2 )). The effective Fermi energies in panel (b) at T = 0 and ω L = ∆/2 are located at the energies −(+)ω L /2 for spinup (spin-down) electrons. In this case, both spin-up Andreev states are shifted above the effective Fermi energy E F ↑ , whereas both spin-down Andreev states are below the effective Fermi energy E F ↓ . The effect of ϑ on the Andreev states is shown in panel (c). Now, all Andreev states below E F ↓ (E F ↑ ) are occupied with spin-down (up) electrons similarly to the situation of the density of states in Fig. 2 (c) and (d) . In (d), Γ = ∆/2 and the shift of the Andreev states due to Γ is larger than the splitting due to v s such that at ϕ = 0 the states E II and E IV are below the effective Fermi energy E F ↓ and the states E I and E III are above the effective Fermi energy E F ↑ .
B. Current-phase relations
The Andreev states discussed in the last section carry the Josephson current I n (ϕ). The contribution to the current of each Andreev state E n (ϕ) is proportional to the derivative of the Andreev state with respect to the phase multiplied with the Fermi function at the energy of the Andreev state,
The Josephson current is then given by the summation over all Andreev states n.
In the following, we discuss the current-phase relation obtained by Eq. (11) in the low temperature limit k B T = 10 −4 ∆. This expression contains the contribution to the current from Andreev as well as the continuum states. Fig. 4 (a) and v s = 0.3∆ are depicted in Fig. 3 (a) . At v s = 0, the spin-degenerate Andreev state below the Fermi energy E F carries a positive current for ϕ < π according to relation (16) . If the exchange coupling is increased to v s = 0.3∆, the contributions from the current of both current-carrying Andreev states E III and E IV in Fig. 3 (a) cancel whereas the Andreev states E I and E II are completely unoccupied above the Fermi energy. In this case, the current is strongly suppressed since in total the Andreev states do not contribute to the current and the current is carried by the continuum states giving rise to a π state of the junction. Between v s = 0 and the complete shift of the E III state below the Fermi energy, the current-phase relation sharply decreases at phases where the E III level intersects the Fermi energy. These phases are determined from Eq. (13) to ϕ = 2arccos(v s /2Γ). At phases larger than 2arccos(v s /2Γ), a negative current appears due to the continuum states since the Andreevstate contributions to the current cancel.
Figure 4 (b) shows the current-phase relation for the same parameters as in panel (a) at v s = 0.3∆ and ϑ = 0, but the magnetic field is increased from ω L = 0 to ω L = ∆. The Andreev states corresponding to the current-phase relation at ω L = ∆/2 and ω L = ∆ are depicted in Fig. 3 (b) . For the parameters chosen in 4 (b), the spin-up (spin-down) Andreev states do not cross the corresponding effective Fermi energy E F ↑ (E F ↓ ) and no sharp change of the current is observed. The Andreev states E I and E II [ Fig. 3 (b) ], which carry spin-up electrons, are for all values of ω L in Fig. 4 (b) above the effective Fermi energy E F ↑ and therefore do not contribute to the current. The Andreev states E III and E IV carrying spin-down electrons are both below the effective Fermi energy E F ↓ and do not contribute either due to current cancelation of E III and E IV state. Therefore, only the continuum states give rise to a current such that the junction is in the π state.
In Fig. 4 (c) , the current-phase relation is shown for the same parameters as in panel (b) at ω L = ∆/2 but the angle ϑ increases from 0 to π/2. Since the electrons on the quantum dot can undergo spin flips at finite ϑ, the Andreev states in the rotating frame are degenerate and we have to take into account four spin-degenerate Andreev states following from the density of states in Fig. 2 (c) and (d) . The Andreev states corresponding to the current-phase relation in Fig. 4 (c) at ϑ = π/4 and ϑ = π/2 are shown in Fig. 3 (c) . At ϑ = 0, the current is the same as in panel (b) at ω L = ∆/2 where E I and E II are empty while E III and E IV are occupied with spindown electrons and therefore the Andreev states do not contribute to the current. If ϑ is increased, spin-down (spin-up) electrons are scattered into E I and E II (E III and E IV ) states. The particles scattered into the E II and E IV states are below the corresponding effective Fermi energy E F ↓ and E F ↑ , respectively. These two states give a positive contribution and therefore a finite ϑ increases the current. The sharp step for phases close to π of the current-phase relation appears because an Andreev state crosses the Fermi energy, similarly as in panel (a). For Γ = ∆/2, the current-carrying Andreev states cross the Fermi energy twice thus leading to the two steps in the current-phase relation as shown in panel (d). A finite E 0 opens a gap of the Andreev states at ϕ = π.
So far we have discussed the current-phase relations of the Andreev states shown in Fig. 3 . We now consider how the 0 to π transition and the reverse process are driven by E 0 or ω L . The current-phase relation as a function of E 0 is shown in Fig. 5 (a) . The state changes from a π junction at E 0 = 0 to a 0 junction at E 0 = ∆. The current increases stepwise as a function of ϕ, but the position of this stepwise increase changes as a function of E 0 . This behaviour appears twice, since the spin degeneracy of the Andreev states is lifted due to the exchange interaction. Since the current is symmetric under the transformation E 0 → −E 0 , the same transition is driven by decreasing E 0 from E 0 = 0 to E 0 = −∆. In panel (b) of Fig. 5 , the current-phase relation is evaluated as a function of ω L . If the magnetic field is increased from ω L = −∆ to ω L = 0, the junction is driven from a π to 0 and back to a π state. Since the Andreev states are symmetric under the transformation ω L → −ω L if ϑ = 0.5π (Sec. IV A), the Josephson current shows a similar behaviour if ϑ approaches 0.5π.
C. Critical Current
As we discussed in the previous section, different parameters can drive the junction from a 0 to a π state or vice versa. In order to further investigate the transport properties, we consider the critical current, which is experimentally more easily accessible than the currentphase relation. Figure 6 shows the critical current as a function of the energy level at ω L = ∆/2 and different couplings v s in panel (a). For small E 0 , the state of the junction undergoes a π to 0 transition by increasing v s and finally goes back to the π state. If the junction is in a π state at E 0 , a transition is driven to the 0 state by increasing E 0 for all values of the exchange coupling shown in panel (a). The critical current at v s = 0.1∆ in the range of E 0 = 0 to E 0 = ∆/2 corresponds to the maximal current of each current phase relations shown in Fig. 5 (a) . The sharp increase of the critical current occurs due to the shift of Andreev states across the Fermi energy within a small parameter range of E 0 . In panel (b), v s = 0.3∆ and the critical current is depicted for different values of ω L . Again, by increasing E 0 , the junction undergoes a π to 0 transition at ω L = 0 and ω L = ±1.2∆. In addition, the junction also exhibits multiple transitions for
Contour plots of the critical current are depicted in Fig. 7 . In all panels, we assume a symmetric coupling between the quantum dot and the leads and calculate the critical current in the low temperature limit. In (a) and (b), the critical current is plotted as a function of E 0 and v s at ϑ = π/4 and the magnetic field is set to ω L = 0 in (a) and ∆/2 in (b). In panel (a), the junction exhibits a 0 to π transition due to an increase of the exchange coupling, v s . In this case, the contribution to the current of the Andreev states does not depend on ϑ since the magnetic field is zero. The Andreev states intersect the Fermi function at v s = ± 4Γ 2 cos(ϕ max /2) 2 + E 2 0 , with the phase ϕ max corresponding to the phase at the critical current. At these values of the exchange coupling, the junction exhibits the transition. If v s ≥ 2Γ|cos(ϕ max /2)|, the junctions also exhibits π to 0 transitions as a result of increasing E 0 . In panel (b), the magnetic field is set to ω L = ∆/2 and the Andreev states are degenerate due to the spin-flip scattering. The parameters in this panel correspond to the critical current shown in Fig. 6 (a) . Transitions are driven by either increasing E 0 or v s . Due to the redistribution of the occupied states at finite ω L , the critical current exhibits an additional step which is due to a shift of the Andreev states across the Fermi energy. In panel (c) and (d), the critical current is shown as a function of E 0 and ω L at v s = 0.3∆ and ϑ changes from ϑ = π/4 to ϑ = 0.4π. Due to the spin-flip term, the critical current shows a mirror structure around ω L = 0 with different intensities for ω L → −ω L . As discussed in Sec. IV A, the Andreev states are symmetric with respect to ω L → −ω L at ϑ = 0.5π. Therefore, the critical current shows a symmetric behaviour as a function of ω L since ϑ is close to 0.5π. For small E 0 , the junctions exhibits multiple transitions as a function of the magnetic field.
V. Conclusions
We have studied the electronic transport in the low temperature limit of a Josephson junction consisting of two superconducting leads and a quantum dot connected to a molecular magnet. The exchange interaction lifts the spin degeneracy of the energy level of the dot as well as of the Andreev states. The current-phase relation shows a strong modification when an Andreev state intersects the Fermi energy and the Josephson junction can be driven into the π state by the exchange interaction (Fig. 4(a) ). A magnetic field applied to the central region induces a Zeeman energy of the electrons on the quantum dot and a precession of the molecular magnet's magnetisation. As a result, an electron on the dot can undergo spin-flip scattering and the occupation of the Andreev states is redistributed by the magnetic field. The redistribution depends on the orientation between the magnetic field and magnetisation of the molecular magnet and can lead to an increase in the current-phase relation (Fig. 4(c) ) when the electron-like quasiparticles are scattered into states below the Fermi energy carrying the current in positive direction. The critical current in Fig. 7 shows the possibility to observe multiple transitions as a function of a gate voltage which changes the energy level of the dot. Multiple transitions are also obtained if the magnetic field is swept around zero. However, in a more realistic system the dependence of the superconducting gap on the magnetic field must be taken into account in a self-consistent way.
In principle, the results of the paper can be used in two ways. First, the measurement of the physical magnitudes of either the energy of Andreev levels, the current-phase relation or the critical current, allows to reveal the internal structure of the Josephson junction. Different parameters are possible to extract from measurements such as the strength of the exchange interaction. Second, the presence of the molecular magnet offers the possibility to manipulate the current through the junction by changing the parameters such as the energy level of the dot or the magnetic field. This manipulation strongly affects the Andreev states which allows possible application in quantum computation. 27, 29 
